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^—1 Abstract 

' _(' We study the transition of a scalar field in a fixed AdSd+i background between an 

-*— > extremum and a minimum of a potential. We first prove that the potential involved 

Q^ cannot be generic, i.e. that a fine-tuning of their parameters is mandatory for the 

solution to exist. We compute analytically the solution to the perturbation equation 
by generalizing the usual matching method to higher orders and find the propagator 
, of the boundary theory operator defined through the AdS-CFT correspondence. 

^ We show that it always presents a simple pole at g = in accordance with the 

^~~' Goldstone theorem applied to a spontaneously broken dilatation invariance. The 

Q result is supported also by a WKB calculation. 
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1 Introduction and results 

The gravity plus real scalar field system in asymptotic anti de Sitter (AdS) spaces is the 
simplest playground for the AdS-CFT correspondence [II [2] [3]. It is relatively easy to 
solve and it gives some insight into what the correspondence is and what it means (for 
a partial list see [U [SI [SI [3 [HI [SI [ID])- Unfortunately several simple statements get a 
bit obscured by technical details and the complexity of the gravity system. Since one 
would expect that weakly coupled gravity has a smooth non-interacting limilQ it may be 
useful to study the no back-reaction limit of this system: a real scalar field in a fixed AdS 
background, and no gravity at all (for some reviews which treat the subject see for example 
[m dH dH US])- Recently this has been done in [12], where the potential of the real scalar 
field presenting a UV extremum and a IR minimum has been approximated by a piece- 
wise quadratic potential in order to allow analytic treatment. It has been then shown 



*In particular cases there could be subtle exceptions though, sec for example |11) . 



that: a) in order for the solution between the extrenium and the minimum to exist, there 
must be some non-trivial constraint among parameters in the potential; b) such a solution 
has vanishing action; c) at least one region needs V" < —d'^/4 and d) the propagator in 
the boundary theory exhibits a simple 1/g^ pole as predicted by the Goldstone theorem 
applied to the spontaneous breaking of the dilatation invariance ^7\. Conclusions a), b) 
and c) were not completely understood while d), although expected on general grounds, 
has been recently called into question in [IB], where a 1/q^'^'^ propagator with vm > d/2 
has been found in the g — )■ limit. The purpose of this paper is to generalize the piece- 
wise quadratic potential of [16] to more general ones in order to shed light on conclusions 
of our previous paper, with the main goal to clarify which is the right low energy behavior 
of the propagator, the (expected on general grounds) 1/g^ of [TTl Hn] or the (surprising) 

i/g2^^« of [ig. 

In particular, we show that a consistent treatment of the matching method requires 
a next-to- leading order calculation. The result confirms what we found in |16j: the 
propagator of the boundary theory defined through the AdS-CFT correspondence in the 
gravity no-backreaction limit has a simple pole at g^ = 0, signaling the presence of a 
Goldstone mode. The argument can be summarized as follows. The leading order solution 
for the perturbation in a small q expansion is given by 

az;q) ^ CM Uz) + C-{q) i-{z) (1.1) 

with the limits, 

^^(^) izt^ al^ ^^±" ; e±(^) ^"^ «f ^'"^" (1.2) 

There is only one relevant correction to the leading order solution for g — )■ 0: 

i{z-q)^C+{q) [iM + q^5iM)+CMiM (1.3) 

This next-to-leading order correction 5^^{z) behaves in the limiting cases asr] 

5Uz) ^^^^ elT"" Uz) (1.4) 

The matching with the (conveniently normalized) Bessel K solution for z — )■ oo is done at 
fixed, small q z : 

C+(g) af ^^-" + (C_(g) + q^ C+(g) e^l) a^^ z^+" ^ ^^-" + 7 g^-^ ^^+" (1.5) 

with the result for zz/^j > 1 (always true for d> 2) 

C+(g) = l/af , C_(g) = -C+(g)e^^+g^ (1.6) 



^ We keep here the same apparently obscure notation as in the body of the paper: it will become clear 
later on. 



On the other side the boundary propagator is found according to the AdS/CFT prescrip- 
tion at the opposite hmit z -^ 0: 



C^{q) a^ ^^^ + {C-{q) + q' C^{q) e^) a^_ 
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follows. Having we stopped at the formally leading order (i.e. without 5^+(z) 
would get a completely different (and wrong) propagator in the g — )■ limit: 
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This is the essence of the argument, all details will be given in the paper. 

Our philosophy in obtaining these results will be similar to that in [16], which has 
become usual in applications of the AdS/CFT duality to condensed matter systems (see 
for example [IS]): we do not know which the dual Lagrangian on the boundary is, but 
we simply define the boundary theory from the bulk theory through the holographic 
dictionary, hoping that it gives sensible answers and is consistent with the usual quantum 
field theory rules. 

The plan of the paper is the following. After setting the notation and main formulae 



in Section 2.1, we first show in Section 2.2 that even in this no-backreaction limit one can 



get a BPS-type solution to the first order equation of motion provided that the potential 



is written in terms of a properly defined superpotential. In Sections 2.2.1 2.2.2 and 2.2.3 



we give some examples of analytically non-trivial solutions. Then in Section 2.3 we prove 
in complete generality that for the solution to exist, the second derivative of the scalar 
potential must be smaller than —d? /A in at least some region. In Section 2.4 we explain 
why the potential cannot be arbitrary, i.e. a relation among parameters is mandatory. 
This clarifies the results in [TB], which were found for piece- wise quadratic potentials only 
and have not been understood. The most important part of the paper is Section [3} where 
we describe three methods for the calculation of the boundary propagator: 



m 



3.1 



we 



briefly summarize p^, in 3.2 we describe in details the matching method, while in 3.3 
we use the WKB approximation. Finally, a long Appendix |A] is devoted to a detailed 
analysis of the matching method to all orders. 



2 Preliminaries 



2.1 The system 

We consider a real scalar field in c? + 1 dimensions with bulk euclidean action 

1 



S{^lk)]^^^^ 



d^+^X Vd^afe ( - g"' da<P d^<P + f/(0) 



(2.1) 



in a non-dynamical AdSd+i background 

g = \ (L^dz^ + 6^^ rfx^ dx"") (2.2) 

z^ 

where [x^) are the QFT coordinates with x'^ = ix^ the euchdean time, and L the AdS 
scale. The boundary is located at z = (UV region) while the horizon is at z = oo (IR 
region). 

The equation of motion derived from (2.1) results, 

z^ 0(x, z)-{d-l)z 0(x, z) + L^ z^ n0(x, z) = L^ U'{(j)) (2.3) 

where D = S^yd^dy, and throughout the paper we will indicate with a dot the derivative 
w.r.t. the bulk coordinate z and with a prime a field derivative. 
We will consider potentials with 

f/(0)=0 , f/'(0) = ; f/(</'J<0 , f/'(</.J = , [/"(</.„)> (2.4) 

i.e. (prn will be the true minimum, while at the origin the potential can have a minimum 
(being a false vacuum thus) or even a maximum, provided that it is in the Breitenlohner- 
Freedman conformal window — (i^/4 < L^ f/"(0) < 0. 

It will be useful along the paper to work with dimensionless field variable and potential 
defined by, 

t(^,3;)^^l^ ; V{t)^^U{<P^t) (2.5) 

We will be interested in regular, Poincare invariant solutions t = t{z) that interpolate 
between the UV and IR regions. They obey the equation of motion 

z^ i{z) -{d-l) z i{z) = V'{t) (2.6) 



and necessary behave in the UV and IR as 

t{ 
respectively, where 



t{z) > auv z ; t{z) )■ 1 + am z" ^ (2.7) 



^uv/iR ^<L^ ^^^^^^ . ^^^^^^ -\Ij+ <vim (2-8) 

with vn^Y = l^"(0) and vn\^ = V"{X) > (t = 1 is a minimum according to (2.4))r] 

We recall as a last remark that the symmetries of AdS space translate in the scale 
invariance of equation (2.6), i.e. if t(z) is a solution so it is t{\z\ a fact of great relevance 
in what follows. 

^In the window —^< y'(0) < the term 7^-^^ could also be present in the small z power 
expansion of t{z). From the AdS/CFT point of view this term is interpreted as a source that breaks 
explicitly the scale invariance of the boundary QFT; then we should not expect a Goldstone mode to 
appear, situation we are not interested in. These domain walls are interpreted as dual to renormalization 
group flows generated by deformation of the UV CFT by a relevant operator, i.e. one of dimension less 
than d [H]. 



2.2 The BPS solutions 

The fact that the on-shell action vanishea^ [16] is a hint that the solution may be of the 
BPS type, i. e. it solves a first order equation. Let us prove this statement in our context. 
The action (B is 5(^"''=)[0] = ^^^^ I[t] , with 



m 



OO /I 

-1-d '- ^2 1/ ^\2 



dz Z 



z' t{zy + v{t) 



If we define the "superpotential" W{i) by, 

1 



V{t) = - W'\t) - d W{t) 



(2.9) 



(2.10) 



then 

lit 



Ion— shell 



dz 



dz 



-1-d- 



[z i{z) - W'{t)Y + z-'' i{z) W'{t) - d z-^-'' Wit) 



-'^l{.tiz)-WW + ^-''^ 



dz 



{z-') W{t) 



dzz-^-'^ - {zi{z)-W'{t)y 



(2.11) 



In the last line we used, 



Wit) 



Wit) 



z=0 







2 = 



that follows from the fact that according to (2.7) tiz) ~ z 

ViQ) = y (0) = and ^"(0) finite. Wit) ~ t^+n _ ^nAuy+2uuv+d^ ^j^^ n > 



(2.12) 
for z — )■ 0, and since 



It is now obvious from (2.11) that there is a BPS like equation, 

ziiz) = W'itiz)) 



(2.13) 



whose solutions satisfy also the full second order equation of motion (2.6) and for which 
the action (2.11) vanishes. 

Before analyzing some explicit examples we would like to notice the following relevant 
fact. In the presence of dynamical gravity one must consider the gravity action 



^-M = I67g;/^"'K*1-^ 



did-1) 



(2.14) 



where G^ is the d+ 1-dimensional Newton constant. A Poincare consistent ansatz that 
replaces (2.2) is. 



1 / dz^ 
g = — iL^ — — + 6^^ dx^" dx" 



^ [IV 



(2.15) 



^This could have been expected from the spontaneous breaking of conformal symmetry, for a discussion 
on this point and references see for example |20j . 
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If we now introduce the superpotential by replacing (2.10) with, 

v{t) ^lw'\t) -dW{t) -^W\t) 



(2.16) 



d-V 



where n"^ = 4^(t)rr? Gn, then (2.13)gets replaced by the following equations of motion, 



Fiz) 
zi{z) 



l + -W{t) 

W\t{z)) 
1 + f W{t) 



(2.17) 
(2.18) 



So, we conclude that there exist a smooth non-dynamical gravity k — ;■ limit which yields 
the system under consideration. 



2.2.1 The simplest nontrivial example 

The simplest consistent nontrivial solution is for a quartic potential, i.e. a cubic "super- 
potential" W . The choice 



w{t) = /\ [\t'-\e 



A> 



d 



(2.19) 



has the right properties (2.4), i.e. 1/(0) = F'(0) = V'{1) = , 1^(1) 



^<0, V"(l) 



A (A + (i) > 0. Furthermore ^"(0) = A (A — d) which implies that t = is a minimum 



when A > d and a maximum if < A < d. The solution to (2.13) is. 



tiz) 



1 + z^ 



(2.20) 



where we have fixed the scale invariance freedom. On the other hand, the parameter A 



must be identified with A^^ in (2.8) (or with d - A^^ if < A < |, but we will not 



consider this case, see footnote on the previous page) while that in the IR region z -^ oo 
the solution goes like 1 — z'^^'^ with 



A 



IR 



d + A 



(2.21) 



2.2.2 The Z2 symmetric case 

Another interesting case consists of the sixth order potential with the Z2 symmetry t — t- 
—t. The ansatz for the superpotential 



leads to the solution, 



W{t) = 


'(=••- 


-^' 


t{z) 


z^ 




(1 + Z2A 


)./. 
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(2.22) 



(2.23) 



Similar remarks as before applies in what regards the relation between A^^ and the 
parameter A, but in the infrared now we find, 



A 



IR 



d + 2A 



(2.24) 



2.2.3 A case with A^^ and A^^ independent 

In the above examples a correlation between the UV and IR A's is present. This is 
however not a generic feature of the system. In fact, choosing for example 

Wit) = -- (A^«-(rf + A^^)) t^ + - (A^«-(rf + A^^)-A^^) t^ + — t^ (2.25) 



we get the solution 

A^^+(A^«-(rf + A^^)) t 



z{t) 



l-t 



AlR-d 



AC/v + (A/R_(^ + AC/y)) t 



(2.26) 



which has the limits (2.7) with 



auv={An^-^- 



ajn = -{A'''-d) 



(2.27) 



The parameters A^^ > d/2 (corresponding to the maximum or minimum in the UV) and 
A^^ > d + A^^ (minimum in the IR) can be otherwise arbitrary. 



2.3 V"{t) < -(f/A 

In a piece-wise quadratic potential case it has been noticed in |16j that at least in some 
interval the second derivative of the potential must be smaller than —d'^/A for the solution 
to exist. Let us here show this statement for a general potential V{t) characterized by 



(2.10). Let us define 



F^ldf,W'{tf (v"{t) + ^^ 



(2.28) 



t=t{z) 



where t{z) is the solution of the BPS equation (2.13) and to simplify the notation we will 
use in this subsection the abbreviation 



dfi' 



dz z 



-d-i 



(2.29) 



and omit the field dependence. Our aim is to show that the quantity F is non-positive, 
so that V" < —d'^/4 at least in some region. 



First we rewrite (2.28) using (2.10) 



rf/i ( W" W" + W'^ W" - d W" W" +^W 
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(2.30) 



Now we use (assuming vanishing boundary terms, which is easily verified) 

fd^W' = ^ fdfiW'^w" 



to rewrite (2.30) as 



d 



F=- I dfiW" W" - I dfi W" W' 



Finally we use the Schwartz inequality 



rl2 TJT//2 



(2.31) 
(2.32) 

(2.33) 



dfi f g < { djj, f 



to derive from (2.31) 
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Using then (2.34) we get first 



dfi g' 



dfi W'^<^ dfi W'^ W"^ 
d^ 



(2.34) 



(2.35) 



rf/i W" W" < [ dfxW 



from which finally it follows 



r/2 



F< 



/2 TI///2 



dfx W" W' 



(2.36) 



(2.37) 



This proves our statement: the inequality V" < —d'^/A is valid at least in some region of 



z for any potential V of the form (2.10) 



Notice that since at the horizon (z — t- oo) the potential has a minimum and at the 
boundary (z = 0) a minimum or a maximum in the conformal window, there are always 
an even number of times that V" crosses this particular value —d'^/4. 



2.4 Why the potential cannot be generic 

If the potential is defined through a superpotential and this last is polynomial, the po- 
tential is clearly not generic, as the explicit examples considered above show. A bit less 
obvious is the situation where the potential cannot be written in terms of a polynomial 
superpotential. As it has been noted in [16] and remarked before, the point is that the 
equation of motion is invariant under dilatations z — )■ Az for any positive real A. There is 
thus an infinite family of solutions: the location of the domain wall is not determined. 

What happens if a fine-tuned potential changes a bit, i.e. if we relax the constraint 
among the potential parameters? The numerical output will make t{z) diverge, so that 
for 2 — )■ oo limit it will not reach the unit value. In other words, the transition is not 
from the extremum in the origin to the minimum at t = 1, but it escapes to infinity. In 
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order to make the field land to the minimuni, one needs a constrained value for the model 
parameters. 

There are two simple ways to see why there must be some constraint among the model 



parameters, if we are looking for a solution of (2.6) 



First of all, we have a second order differential equation. In the limit ^ — )■ this 
non-linear equation can be linearized, call the two independent solutions of this linearized 
version t_i_(£^and t_{z). Let they be defined so that for z — > 0, t^{z) oc z^ with A^^ 

This second t-{z) is interpreted in the AdS-CFT 



given in (2.8) and t-{z) oc z' 



d-A'- 



dictionary as a source. All solutions to the original full non-linear equations have to 
evolve only towards t+(z) for 2; — )■ in order for the source to vanish. There is however 
no guarantee that these solutions are finite for 2; — )■ 00. In general it will not be the case, 
only solutions which evolve to some linear combination atj^{z) + bt-{z) for 2; — > will 
be finite in the opposite limit at z — t- 00. We can enforce 6 = and thus have a t{z) 
sourceless at z — )■ and finite at z — t- 00 only by carefully choosing the parameters of the 
original Lagrangian, i.e. the potential. From here the fine-tuning among parameters. 

Another way perhaps more familiar of setting the problem is through the linearized 
perturbation equation around the assumed solution t{z). If we write the perturbation 
as ^(z; g) e*^'i, such equation results (A. 6). We can rewrite this linearized equation for 
perturbations in a Schrodinger-like form. Taking ^{z; q) = z^^ f{z; q) we get. 



f{z- q) - 



z^ 



d^ 



+ V'itiz)) 



f{z;q) = 



(2.38) 



Now, well-known symmetry arguments (in t his case related to dilatation invariance) show 
that ^(2; 0) ~ zi{z) solves equation (A. 6) with g^ = 0. But (2.38) is a second order 



linear differential equation with two independent solutions and then standard quantum 
mechanics arguments work. By definition, necessary f{z] 0) ~ z^~'^'^ for z —^ 00 and the 
solution that goes as z^'^'^'R must be discarded. Similarly, f[z] 0) ~ ^2~^''uv f^j- ^ _). and 
the solution that goes as Z2~^u^ must be discarded too. The only way for this solution of 



(2.38) to exist is that in both cases we remain with the same function. As the "energy" is 



zero it cannot be quantized as it is usually the case in QM, so z t{z) can exist only when 
a fine-tuned relation among parameters in the potential holds, and so also the solution 
t(z) of (2.6) exists only in this case. 



3 The propagator of the boundary theory 



Equation (2.6) is invariant under z — > Xz. A nontrivial domain wall solution spontaneously 



breaks this invariance, so one expects the appearance of a massless mode, the Goldstone 
boson in the boundary theory. This was indeed confirmed in |16] for a piece- wise quadratic 



potential, solving exactly the equation of perturbations (A. 6) 



On the contrary, applying the standard matching method to find the solution at leading 
order gives a 1/q^'^"^ behavior of the boundary field theory scalar propagator in the g — ?• 
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limit [IS]. Puzzled by this discrepancy, we reanalyzed the problem here and we confirm 
the usual pole behavior for the Goldstone. 

We will give now three different derivation of this result, based on exact analytical 
and approximate techniques. We will find out that in the matching technique the for- 
mally next-to-leading order dominates over the formally leading order, thus explaining 
the discrepancy in the propagator. 

Let us now describe the three methods used. 

3.1 The piece- wise quadratic potential 

This analytic result has been already treated in detail in (TU], so we will just shortly 
summarize the procedure here. The idea is to divide the interesting interval of the scalar 
field < t < 1 into at least three smaller intervals, and write a different quadratic 
potential in each interval. Special care is taken to guarantee the continuity of the potential 
and its derivative. In each interval both the equation of motion (through powers of z) 
and equation for perturbations (through Bessel functions) can be solved analytically. 
The coefficients in each region and the ^-coordinates where the gluing is carried out are 
determined by the requirement of continuity of the solution and of its derivative. A simple 
counting can show that due to dilatation invariance there is one equation more than free 
variables to be determined, here is the technical reason for the fine-tuning. With this 
method we were able to show analytically the g — ?■ limit of the boundary propagator, 
i.e. the Goldstone pole l/q^. 

One could argue that the two results ([16] vs. [18]) are different because they describe 
different systems. However the differences are actually only apparent. 

First, in [16] the potential considered had a minimum at the origin, while the one in 
[18] has a maximum. It is easy to reproduce the calculations of [16] for the transition 
from a maximum to a minimum. All the results remain basically unaltered. 

Second, although the piece-wise quadratic potential is chosen generic up to the neces- 
sary fine-tuning among the parameters explained in the previous section, it can be actually 
described by a superpotential. We proved this numerically for some specific numerical 
inputs, and the results are at least apparently indistinguishable from the analytic solution 
of the full second order equation. 

Third, the system in [TB] had a dynamical gravity, while our system in [TB] considered 
the ft — )■ limit of a fixed AdS background. But, as we learned in section 2.2, this limit 
is smooth, so that a totally different result for the propagator looks unlikely. 

Finally, the technique of [18] can be used also with a general potential that cannot be 
written through a superpotential, and applying the matching method at the leading order 
the same 1/q^'^'^ propagator comes out. So, it seems likely that one of the two methods 
used is not completely correct. We will show in the next subsection that the matching 
technique should be used at next-to-leading order to resolve this particular issue. 



11 



3.2 The matching method 







To compute the two-function from holography we need to solve equation (A. 6) 

z^ l{z- q)-{d-\)z i{z- q) - (g^ z^ + V"{t{z))) ^z; q) 

The idea is to match the large z known solution of the form 

2 



i{z]q) >ioo{z]q) 



Tiu.n) Vi)"' '' "^--^^"^ 



(3.1) 



(3.2) 



with some analytical solution of the perturbation equation for q = 0. Fortunately in the 
problem considered such solution of (3.1) for g = is known. As noted in Subsection 2.4 
due to dilatation invariance of the equation of motion (e.o.m.), one solution is 

^+{z)=zi{z) (3.3) 

with t{z) the solution of the e.o.m., while the second can be found from the integral 



U^) = Uz) 



dy 



y''-' . Uz^ 



aiy) e+(^.) 



(3.4) 



where Zi and ^-{zi) are integration constants; of course the physics can not depend on 
the choice of them. 

The idea is to match at some large z, but small qz, the two solutions, i.e. deterinine 
the ratio C^{q)/C-{q) from the behavior of the leading z'^"^ and z^ terms of (3.2) 
and the approximate solution 



az-q)^C+{q)Uz)+C^{q)Uz) 
Since from their definitions ( 3.3[ ) and (3.4) the two solutions go in the UV as 



^^(^)i:l2,A^^z^"" 



^4z) — > 



^d-A'' 



{d-2AUV)AUV 
the boundary propagator can be approximately calculated for g — > from 



G2(g) = (A^^)^ (rf-2A^^) 



CM 
C-{q) 



(3.5) 



(3.6) 



(3.7) 



That an overlapping region exists it has been proved in [18] , where it was also shown that 
this method leads (at this order) to the Ijc^^^^ behavior of the propagator at g — )■ 0. 

The method implicitly assumes that the approximation (3.5) is good enough. We will 
show now that this is not the case for the issue of the propagator. Let's see what happens 
at the next order in g^. The solution gets expanded as power series in g^: 



e(^;g) = 5^g2"e^")(z;g) 



(3.^ 



n=0 
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where now (3.5) is just the leading order 

and the n— th term solves 
z' e^")(^; q)^(d-l)z i^-\z; q) - V"{t{z)) i^-\z- q) = z' ^^^^Kz' q) 



(3.9) 



n= 1,2,... 



(3.10) 



Let us solve it for n = 1: 

i^'\z-q) 



.{!)/ 



.(1)/ 



.0)..... r..^'-' r,ym 



+ Cf(g)e+(^) 



dx 






+ ^-'^^)^-(^)£^^|p£^^|^ ^3.11) 



where the first two terms on the right-hand-side represent the general solution of the homo- 
geneous equation, while the last two terms are particular solutions of the non-homogeneous 
equation. In deriving it we took into account the linearity of the equation (3.10). 
The next-to-leading order solution is thus 



^iz;q) ^ ^+{z) 



d:\q) + q' d:\q)) + q' d:\q) 
{d^\q)+q'd}\q))+q'd'\q) 



dx 



X 



d-l rx 



dx 



■2 






e{x) 



dy 



dy 



yd^l 

e{y) 

yd ^ 



At this order of the g^ expansion we can replace 

g^Cf -^g^(cf(g) + g^c£Hg)) 

So we are left with just two integration constants, denoted from now on by 

C^iq) ^ d^\q) + q' d^\q) 
as it should be for a second order differential equation. The solution is now 



(3.12) 
(3.13) 
(3.14) 



^z-q) ^ C+(g)e+(^) 1 + g 



dx 



X 



d-i 



+ C'_(g)e-(^)(l + g' / dx ^ 



e-{x) 



dy 
dy 



yd-l 

e{y) 



y 



d-i 



(3.15) 



Finally, for later use, the double integral can be simplified as 



e±(^) 



dx 



X 



d-l 



m^) Jz, y 

where we used the relation 



, il{y) , . I . 



dx 



aix 



Zi 



X" 



rTe±(^) 



d^^_±Mk^ (3.16) 



Zi 



X 



d-l 



^d-1 



± 



^t(^) 



that follows from the definitions (3.3[), (3.4). 



(3.17) 
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a+ 


a_ 


uv 


A 


1 


A(d~2A) 


IR 


A 


1 


A(d+2A) 



Table 1: The explicit values in (3.21) and (3.22) 



3.2.1 An explicit calculation 



We will consider here the case of subsection 2.2.1 with the solution to the equation of 
motion 



tiz) 



1 + z^ 
The corresponding solutions to the equation of perturbation at g = are 






Az^ 



1 + z 



A^2 



E 



^(1 + ^^y i^\^Jd+{k- 2)A 



z 



d+(k-l)A 



with the limits, 



i^{z) ^ al^ z^ 
U^)^^ai^z-^ 






where the explicit values of the constants are given in Table [T] 
We can evaluate the integrals as 



dx 



ejx) 



X' 



d-1 



dx 



U^)U^) 



X" 



dx 



d-2 d-2 

I f4:\ (2 2 

A ^ rf+(A:-2)A \k) ^(*'*^) U ^ ^'^ " A 



-t 
A Z^ 



e{x) 



X 



d-1 



A3 Z^ 



A^ ^ d+{k- 2)A \k) d+{l- 2)A \l 



X B 



{t,u) 



d + 2 

A 



k + l-2, 



d + 2 

A 



-k-l+6 



where t = t{z), ti = t{zi) and 



Jti 



b-i 



(3.18) 

(3.19) 
(3.20) 



(3.21) 
(3.22) 



(3.23) 
k ] (3.24) 



(3.25) 



(3.26) 
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is the generalized incomplete (Euler) beta function. They can be expanded as 

(-l)"r(a) ((1 - t)^+" - (1 - ti)^+") 



n=0 



IR(t^l) : %,^)(a,6) = -5^ 

n 

oo 

UV(t^O) : i?(,,,)(a,6) = ^ 



(6 + n)r(n + l)r(a-n) 



n=0 



(a + n)r(n + l)r(6-ra) 



Now we can combine the different expansions to get the needed powers: 



^+{z) / dx 



IR „IR^-A , JR „IR^d+A 



with 



e-(^) 



JR 

-++ 



JR 



JR 



dx 



a{x) 



dy^^ -^ -e^^a^^z-^ + e;>i«2^ 



^e{x) 



dy- 



y 



^_^ ^ _ei«afz-^ + efiaiV+^ 



A5(i,t,)(2 -{d- 2)/A, 2 + {d- 2)/A) 
' /A\ 5(i,i^) (2/ A + A;, 4 - 2/ A - A;) 



fc=0 

4 

E 

k,l=0 



A{d+{k-2)A) 



d+{k- 2)A VV rf + (^ - 2)A V^ 



X 



E(i,f^)(-2 + (rf + 2)/A + A; + /, 6 - (rf + 2)/A - k - I) 

A3 



where we used 



B{t2,ti){(^ib) = B(^i_ti,i-t2){b,a) 



We get close to 2; = oo 



az;q) ^ [(l_g2,/R_)C+(g)-gV^_C_(g)] 
+ [{1 + q%^_) C^q) + qhilCM] 



a'J'z''^^ 



The system to solve after matching to (3.2) is 
„IR 



JR 



where 



[(l + gV/_)C_(g) + g26f+C+(g)] = 7? 

r(-z//i?) 



2l^7fl 



7 = 



15 



(3.27) 
(3.28) 

(3.29) 
(3.30) 

(3.31) 
(3.32) 

(3.33) 
(3.34) 



(3.35) 
(3.36) 



(3.37) 

(3.38) 
(3.39) 

(3.40) 



and where in this case 

iyiR = A + d/2 (3.41) 

The leading order solution for small q is 

C+(g) = 4n+--- (3.42) 

C.{q) = -eilq'C4q) + ... = -^q' + ... (3.43) 

a_i_ 



If we kept only the formally leading order expression, i.e. no e's in (3.38)-(3.39), we would 
get a wrong result: although C+(g) remains the same, C_(g) = (7/ai^g^^^ changes 
drastically. 

For 2; — )■ on the other side 

^+{z) -^ a^/z^ (3.44) 

e-(^) ^ a^^^'^-^ (3.45) 

•^ / J 4+ll/J , JJV UV A I f/y UV d-A 



?+(--)/ ''^^Z ''i'^lPr ^ -<-V.al'' z-^ + ^llat^ z'--^ (3.46) 



with 



e^^ = -A5(i^,o)(2-(rf-2)/A,2 + (f/-2)/A) (3.48) 

.[/y _ ^ /4\ i?(i.,o)(2/A + A:, 4 - 2/ A - k) 
k) A{d+{k-2)A) 






^uv 



k=0 

'4\ 1 /4 



^ rf + (A; - 2)A V^y c/ + (/ - 2)A V^ 



^ %,o)(-2 + (rf + 2)/A + k + l,6-{d + 2)/A - A: - /) ^^ ^^^ 

A^ 



so that 



az;q) -> [(l-g^e^r)C+(g)-g^e^^C_(g)]ar^^ (3.51) 

+ [(l + g^er)C7-(g) + g^e^^C74g)]a^^ 

The propagator is then. 



MV^d-A 



a 



^^ [(1 - qhl"^) C+{q) - q^e'ilC-iq)] a^^ja^'^ 



^'^^^ "^ a^^ [(1 + g2e^^) C_(g) + q^el\C^{q)\ ^ e^^ - e^^ "" g^ (3-52) 

In our concrete example this is 

G2(g) = -. (3.53) 
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with 



a 



A(2A - d) 



(3.54) 



5(i,o)(2-(rf-2)/A,2 + (rf-2)/A) 

which is strictly positive for any A > d/2. This confirms the Goldstone theorem. 

The final result is independent on the arbitrary parameter t, = t{zi), as it should be, 
although several intermediate quantities depend on it. Needless to say, the result exactly 
coincides with the general formulae from appendix A. 5 



On the other side, if we had retained only the formally leading order in g^, we would 
get a wrong limit for the propagator. 



GM ^ [(ar/a^^)(ai«K«)(l/7)] 



q 



'2uiii 



(3.55) 



3.2.2 Beyond g -> 

What we derived is strictly speaking valid exactly only for g — )■ 0. For all z we can then 



we use the same solution (3.15)? 



use the solution for infinitely small g, i.e. (3.15). What if g is small but non-zero? Can 



? 



The point is that for a finite g even matching must be done at a finite z. In fact one 
must find a region in the z — q plane where both approximations are valid. More precisely, 
for large enough z > z^o (see below) the small g approximate solution (3.15) (or a better 
one) is valid for z < Zo{q) wheraj 



Zo{q)^\V"{l)\'/'/q 



(3.56) 



while the large z solution (3.2) (or a better one) is valid for ^ > Zoo (see Appendix A.l): 



V"(l) 



V^'"(l) am 



1 



(3.57) 



Then one has to match the two solutions not at 2; — )■ oo as we did in the previous example 
but at a finite although large enough z^o < z < ZQ{q), which may modify the values of 
C±{q). Clearly, in order for such a region to exist at all, 2:00 < ZQ^q), which gives an upper 
bound for g from the solution of Zqo = ^o(Q'maa)- For higher g the method fails. 

So the matching depends on g, although once we match for a given g, let us call it 



g, then it is valid for all g < g. Then we can use the solution (3.15) (or a better one) 
for all z < zo{q) and the solution (3.2) (or a better one) for all z > Zoo- The situation is 
summarized on fig. [1} 



3.3 The WKB approximation method 

Here we shall try to apply the WKB method in order to compute the two-point correlation 
function. The straightest way of doing it is to consider the Schrodinger-type equation 

^except for small regions in which V"{t{z)) « 0. 
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zo® 



Figure 1: A schematic diagram of the z-q plane divided into regions in which different 
approximations are vahd. iiargez is approximated by (3.2), ^smaiiq by (3.15), and m/^j = 



|l^"(l)|^/^. For any q < qmax the same approximate solutions can be used. In the white 
region all approximations mentioned in this paper fail. 



(2.38) with "potential" 



Q{z- q) = q^ + 



(P 



V'\t{z)) 



(3.58) 



where we remember that t[z) is the solution of (2.6). For simplicity we consider the case 



y'(0) = m\jy > 0, although it is not necessary for the argument. 

The WKB approximation results a good one if the slowly varying "Compton length" 
condition holds, 



d\Q{z;q)\- 



dz 



Q{z]q) 



2|g(^;g)| 



<l 



(3.59) 



This condition applied to (3.58) reads. 



d?-i 



+ V"{t{z))-\V"'{t{z))zt{z) 



\cP-l 



+ V"{t{z)) + q^z'^ 



<1 



(3.60) 
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From here is straightforward to see that the WKB solution is trustable for any q^ around 
z = Q and z = oo if, 

vuv^ ^ ; viR > o (3-61) 



respectively, with vuv/ir as in (2.8). Furthermore, Q{z;q) is positive near z = (and 
diverges quadratically there), but it is also positive for large z (going to g^ from above). 
What happens in the middle? From subsection 2.3 we know that for q small enough 
Q{z] q) must become negative; then for some zm where t{zM) = iu it should have a local 
minimum. Then there must exist Zi = Zi{q), Zi{q) < Zm < ^2(9) such that. 



Zi'^ Q{zi] q) 



(f 



2^2 



+ V"{t{z,)) + q'z, 







1,2 



(3.62) 



Near these zeroes of Q{z; q) the WKB approximation breaks down. 



If we admit that Vitu) is large enough then it is seen from (3.60) that in the region 



near zm the WKB solution is trustable too. Therefore, calling /, //, /// the regions near 
z = 0, Zm and 2; S> 1 respectively, we can write the approximate WKB solution in each 
region as, 

ii{z-q) = CJ z^ ^—^77, ;Vi - + Cj z-2 



[z'Q{z-q)) 



[z'Q{z-q)y 



(3.63) 



iii{z]q) = Cii z 



^ exp U /; f ^-z^Q{z;q)) ^ exp U /^ f ^-z^Q{z,q) 



'-z^Q{z-q)Y 



+ C\, z- 



iui{z\q) = Cfjj z 



. exp^j;^ f 



^/zH^{z]q) 



{z^Q{z;q))l 



+ Cm z- 



{-z^Q{z-q)Y 

(3.64) 

exp (- /;^ f ^JWW^)) 

(^^Q(^;g))^ 

(3.65) 



where the coefficients are related by 
1±3 



Cf = ^Im{Cne^'^^) o C,, = - e+*f C+ + e"*^ C7 = (C;,)* (3.66) 



'-'III 



3±1 



Im (Cu e 



^(v'WTf) 



) ^ 



c 



II 



-iip{q) 



\e-'^^Ci,, + e^^lCJ,^={C:,r 



(3.67) 



and. 



¥^(9) = / — v-2:^Q(^;?) 

J^ife) z 



(3.68) 
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Now, imposing finiteness when z -^ oo implies C'^jj = 0. By using the relations (3.66) 
and (3.67) we get all the constants in terms of Cj'jj] in particular for the solution near 
z = we get, 



^i{z;q) = Cjjj 2 cos (p{q) z'^ 



a exp^J,^(^) ^-f^z^Q{z-q) 



[z^Q{z-q))-^ 



+ sinip{q) 2;2 



, exp 



(-X 



.,(,) f V^^Qi^) 



[z^Q{z-q))-^ 



(3.69) 



From here we should be able to extract the propagator as a function of g^, at least for q 



not so large. But as we know, for g = (3.69) must be equal to zt'{z) and thus going 



only as z^ for z — )■ 0. We will show now that this implies the constraint (p{0) = /c tt 
with k an integer. First we rewrite 



dz 



exp I ± / —^/z^Q{z■,q) 



X exp I ± 



±^ 



-1/4 



dz 



ziiq) 



(3.70) 



Since we are inte rested only in uuy ^ 1/2 and leading beh avior at z — )■ 0, we can see 
with the help of (3.70) that the first term on the r.h.s. of (3.69) goes like z^ , while 



the second goes like z 



d-A'- 



. Since this last one should not be present in the solution 



z t'{z) of the g = perturbation, we have to impose (otherwise no solution with the right 
asymptotic behavior exists) 



ifiO) 



^^(°) dz 



^i(O) 



^/-z^Q{z;0) = k7T 



(3.71) 



This means that only potentials which satisfy this constraint are acceptable. This is the 
WKB analog of the fine-tuning mentioned before. 

This simple conclusion is the reason for the 1/g^ behavior of the boundary propagator. 
In fact, it is easy to derive the form of the propagator in the WKB approximation: 



G2{q) 



2exp(-2/;^('')f (V^2Q(^.^) 



'uv 



1/4 



[zi(g))V4v-i/4tan(^(g) 



(3.72) 



Clearly, due to (3.71 ), we get for g — )■ the usual Goldstone pole 

2 exp (-2/; 



G2{q) 



10 z 



^z^Q{z;0)-^ul,y-l/A)) 



{z,{Q)f^^iv-'l\d^{q)/dq^),.=, 



X 



(3.73) 
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where 



dLp{q) 



dq^ 



r 



1 /""^^("^ z 

- / dz , = (3.74) 

2 4(0) y/-z^Q{z;0) 



Although the denominator vanishes at the integration boundaries, the integral itself is 
finite. 



4 Conclusions and outlook 

We considered in this work the bulk system of a real scalar field in a non-dynamical 
AdS background. After finding BPS-type solutions of the bulk equation of motion, we 
solved the perturbation equation on this background in two different limits, the large z 
and the small q regimes. We have shown that a correct application of the matching pro- 
cedure between these two approximate solutions leads to the 1/g^ boundary propagator, 
as expected by the Goldstone theorem applied to the spontaneous breaking of dilatation 
invariance. 

Is the result of the simple pole propagator in the boundary theory a consequence of 
the no-backreaction (k — )■ 0) limit? We believe that this is not the case, and that the 
result is generic. In fact, both at finite or vanishing n the formally leading order of the 
matching method gives the l/q^"'^ behavior, which indicates that the problem is in the 
application of the method and not in the difference of the systems. 

As we saw, there is a maximal momentum for which we can apply the matching 
method given a potential. The result is in the form of a positive power expansion in q. 
However, the limitation is due to the vanishing of a common region for the low q and 
large z expansions. It is thus possible that an analytic continuation of the result exists 
for all g, although, due to the perturbative character of the solution, it is hard to find it. 

On top of all this we would like to stress two interesting results obtained and proved 
for the bulk potential. First, any potential defined through a superpotential must nec- 
essarily have a negative enough second derivative in at least some region between the 
two extrema. It is not clear to us whether this persists also for more general potentials. 
Second, we proved in general that a potential must have some correlation (fine-tuning) 
among parameters in order for the solution to exist. 

Before concluding let us add two remarks. 

In the approximations used in this paper we can calculate the on-shell 1-particle irre- 
ducible 3-point correlator (dilaton)^. We find it vanishing, as required for a Goldstone. 

Finally, there have been several discussions on the role of the a-theorem [211 l22l |23] 
in holography (see for example [21], [IE] and references therein). The value (especially 
the positivity) of the 0{q'^) coefficient [2T] in the 2 — )■ 2 dilaton scattering amplitude 
represents a check of the AdS/CFT correspondence in connection with the a-theorem. 
Unfortunately, the calculation explicitly involves the bulk-bulk propagator, which we miss 
at the moment. We leave this interesting issue for the future. 
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A The matching method to all orders 



Let t{z) be the solution of the equation of motion (2.6) that behaves for 2; — )■ (UV) and 
2; — )► 00 (IR) as, 

t{z) ^^ auv z^""" {l+huv ^"^^ + . . . ) ; t{z) ^^^ l+am z"""" (l+biR ^"^« + . . . ) 

(A.l) 
respectively. Here auv > and ajR < 0, while that 



^UV/IR =-± Uuv/IR ; J^UV/IR =\j^+ ^UV/IR (^'2) 

with mfjy = V"{0) and m'jj^ = V"{1) > 0. Note that in order for t{z) to be finite in the 



asymptotic expansions (A.l) neither A_ appears in the UV nor Ai in the IR, 



Let us introduce for further use the following expansions of the functions ^±{z) 

^ I X UVjIR A^^l"^ ^UV/IR, X ^UV/IRf ^ z^O/oo 

^±{z)=a± z ±/T ^^ {z) ; ^± [z) ^1 (A.3) 



that follow by plugging (A.l) in the definitions (3.3) and (3.4), where 

UV/IR _ /.UV/IR UV/IR _ ( UV/IR ,j n /\UV/IR-.\~^ /. -x 

a+ ' =auv/iR^+iL ; a_ ' = \a+ ' (d-2A_^/l )j (A.4) 

^UV/IR 



Clearly the UV/IR expansion of ^+(2;) can not contain the z -/+ -power, but ^-{z) could 

^UV/IR 

contain the z +/- -power. 

Our aim is to solve the equation for perturbations around the solution t{z), i.e. if we 
write (for a general treatment see for example the appendix of [T6] ) 



t{z-q)=t{z)+^{z-q)e''^-i (A.5) 



then to first order in ^{z;q) (2.3) gives 

z' az; q)-{d-l)z iiz; q) - [q" z' + V"{t{z))) i{z- q) = (A.6) 

We will do it in two different approximations. 
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A.l The large z expansion. 



We write (A. 6) as 



z^ i{z- q)-{d-\)z i{z- q) - (g^ z^ + m]^) ^(^; g) = 5{z) i{z- q) (A.7) 

and consider 5{z) = V"{t{z)) — V"{1) small in the sense, 

V"(l) 



\6{z)\ = \V"{t{z))-V"il))\<^V"{l) 



Z > Zc 



V"'{1) ajR 



(A.8) 



independently of the value of q. Then the solution for z > Zoo can be hopefully expanded 
in orders of 5{z), 

5{z) = V"'{1) ajR ^^-" (1 + bjR z-'^ + ...) (A.9) 



The order zero term is the solution to the l.h.s. of (A.7) equal to zero, which is given by, 

2 



ioo{.Z]q) = 



T{uir) \2 



Z2 K^^^iqz) 



(A.IO) 



where we have dropped the solution that diverges in the IR and fixed the normalization 
in such a way that ^oo(^; 0) = z'^- . It is not difficult to see that the expansion for large 

z > Zoo is of the form. 



^{z;q) =^ociz;q) 1 + 



foiQz) 



+ ... 



(A.ll) 



where for completeness we quote the first correction, 
foiu) = V'"il)ajnu'- ' "^"^ 



dy 



KM 



o.xKl^{x)Jo.y^-^'J' •"'- 



(A.12) 



However corrections to the leading term of E,{z; q) in negative powers of z will not be 
relevant in the matching procedure, at least not to compute the leading order behavior of 
the two-point function. 



A. 2 The small q expansion. 



This time we write (A. 6) as 



^-|G-^)-'^«-)-^«-' 



(A.13) 



and consider q small in the sense. 



g< 



\V"{t{z))\\ 



(A. 14) 
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This condition certainly holds in the UV region near z = , but also in the IR region if 



q'z'<^ \V"{t{z)\ ~m 



IR 



qz < mjR 



that is, when z is large and q small but qz fixed and small enough. 

Under this condition we can try a solution for small g as a power series in g^, 



e(^;g) = ^g2"e^'")(z;g) 



(A.15) 



(A.16) 



m>0 



Plugging this expansion in (A. 13) we get, 



(A. 17) 



' I G"-^"^)-™ «'-(-') -^""-"(=w) 



m = 1, 2, . . . 



(A.18) 



(A.19) 



The solution to lowest order is, 

e\z-,q) = Ct\q)i^{z)^&^\q)Uz) 

where Cj_ (g) are integration constants. From ^^^\z\q) we can determine ^'■™^(z;g) from 
(A.18), and so on. 

This iterative procedure yields the solution in the following form. First we introduce 
the set of functions, 






dw 



.(k) 



w" 



le.HerH 5 hj = +,- 



k = OA, 



e±(^) 



where 



,ik), 



,(fc-l) 



(fc-1). 



er (z) ^ -f.v'iz) u^) + fiT'i^) Uz) 



A; = 1,2,... 



(A.20) 



(A.21) 



(0), 



All of them are obtained iteratively: first, from (A.20) with A; = we get fij (z), then 



^(1) 



we go to (A.21) with k = 1 and get ^j_ (z), then we come back to (A.20) with k = 1 and 
get fij (z) and so on. The functions im{z]q) can be expressed in terms of the ^j_ (z)'s 
yielding the full expansion (A.16) in the form, 

m 

^z- q) = J2 ^'"^ E {C^r'\<l) &\^) + C^^''\<1) tf ^(^)) (A.22) 



m>0 



k=0 



^(k) 



where the C^. s are, as in (A.19), the integration constants of the homogeneous solution 



in (A.18). After some rearrangement, we can write ( |A.22[ ) as, 

az;q)=CM E ^"'"d"^(^) + C'_(g) E ^""^-"H^) 



(A.23) 



m>0 



m>0 
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where we have redefined the coefficients 



2fc 



(A.24) 



fc>0 



We should not be surprised of this expression; after all (A. 13) is a second order hnear 



differential equation and both sums in (A.23) are linearly independent solutions of it as 
it can be quickly checked. Note furthermore that they are holomorphic in g^; the reason 



behind this fact can be traced directly to the assumption (A. 16). 



A. 3 The two-point function. 



For z small, more explicitly qz <^ vnuy expansion (A.23) hopefully holds, and it can 



be used to compute the t wo-p oint correlation function as follows. After adjusting the 
constant of integration in (A.l) to get rid of the 2^+ term in ^-{z)-, we parametrize the 
2 — )■ behavior as 



i{z-q) ^ [(l-g2e^^(g))C+(g)-g26^r(g)C4g)]a 



UV^AUV ^ 



(A.25) 



UV A^^ , 

a_z- + 



where 






(9) 



m>0 



dw w'-'' ^+{w) ^^^\w) 



(A.26) 



while we were unable to find a closed expression for e^^ without specifying the potential. 
Applying the holographic recipe the two-point function results. 



GM ^ 



UV l^UV 



al^/a 



2 cUVt \ I C-{q) 
++WJ + C+(q) 



q^ e 



(A.27) 



g-!>0 



The knowledge of the leading order behavior of the quotient C-{q)/C+{q) for g — )■ 
will allow to compute the leading power in q of G2 (q) ■ The 2;i-dependence of the coefficients 
e++('?) (and the 2;i-independence of the physics) gives a hint that this power is —2, as we 
will confirm below. 



A. 4 The infrared expansion 

Here we define the functions F-;"^ (z) and the constants cpi^ by means of the integrals. 



IB IR (m) 



dw ^^l+2™+A(,)+A(,)-d ^(0)^^^ ^M^^^ 



„IR„IRAm) 2+2m+A(,)+A(,)-d 
fli ' H ^ ^ : : : — Fh '{z 



ij 



2 + 2m + A(i) + A 



Hi) 



d 



«j 



m = 0,l,... (A.28) 
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where (p\"^ is defined to be the only z-independent part in the large z expansion, and 



^(rn) 



r(l T i^m) 



22'»m!r(l=F^'/K + m) 
With them we can calculate {m = 1,2, . . .), 



; m = 0, 1, . . . 



(A.29) 



m— 1 



(m) 



^t\^) 






(k) (m-l-fc) -(k) (m-l-fe) 

'^ j - 'A+ V-j 



k=0 



4m) 



-Am-l)f^ AO) 



("^-1)/^^ F{0), 



{^iR T m) F^-^^(z) e±\z) ± m F^^^^'iz) ^^ (z) (A.31) 



The general form of ^j_ (z) for m = 1, 2, ... , results, 



.(m). 



,IR Am) ^A'^+2m f(m)|. 



m—l 



(A.30) 



(A.32) 



erw + « ^->+ 



/i? ^(fc) ,Am-l-k) A'R+2k Ak) 



± 



Z + 



k=0 



e\z)) 



where the ingredients to construct it are iteratively computed as described above. 



A. 5 The matching procedure. 



According to (A. 8) and (A. 15), in the region 



Z > Zr, 



X = qz <^ mm 



(A.33) 



both expansions (A. 11) and (A. 23) hold and therefore they should coincide exactly, i.e. 



^oo{z;q) 1 + 






This equation must be used to compute the unknown coefficients C^(g). As we will see 
shortly, this is not an easy task in general; fortunately the leading order behavior necessary 



to compute (A. 27) is relatively simple to get. To proceed we need the IR behavior of the 
■Ci (-2)'s- The iterative procedure to get it following the procedure described after (A. 20) 



and (A. 21) is developed in the appendix; by plugging (A.32) in (A. 23) we get 



z ' i{z; q) = z-^ r.h.s. (lASl 



{{1-q' eLliq)) C^q) " q' ei« (g) C^q)) af ^ af ^ x'^ eT^ (") 

m>0 ^^^ 



+ ((1 + q' ei^_{q)) C-{q) + q' el^q) C^q)) ^ E -i'"^ a;^'"+-« ^^ ' ^ 



q 



m>0 



q. 

(A.35) 
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where we have introduced the holomorphic functions, 



IR 

ij 



/ \ \ ^ (m) 2m 



(A.36) 



m>0 



On the other hand, by using the series expansion of ^oo ( -; Q' ) vahd for x < 1 we have. 



'^-^ U{^; i) = Yl (^+"'^ ^'" + ^ ^-"^ x^^+^-^j 



m>0 



7 = #^^ (A.37) 



Now from (A. 34) we have that at fixed x < minimum{mjji,l), in the hmit g — > 



equations (A. 35) and (A.37) should coincide. More specifically, if we introduce 5C±{q) 
by, 



CM 



^(^(l + .^4^-(.)) + ^.---e-(.)) 



6C+{q) 



c-iQ) - ^ (-^?^4^+(?) +^?"^Mi-?'^-^^-(?)))+^^-(g) 

(A.38) 
where, 

D{q) = l + q' (ef_(g) - eLl{q)) + q' (ef^.(g) e'A{q) - 6f.(g) e!_^+(g)) (A.39) 

then we should get, 

hm I J2 ^f ^ ^'™ fe"^ (-) - l) + ^ E ^-"^ x2-+2<^^« ^^-(-) ^^ 

"^"^ lm>0 ^ ^^^ ^ m>0 ^ ^^ 

+ {{1 - q' eL%{q)) 5C ^ ~ q' ei^^ 5C M) a^« J^ af ^ x^™ ^^ (^) 



m>0 

+ ((1 + g' ef_(g)) <5C_(g) + q' el\{q)5CM) ^ Y. ^-"" ^''"^"" ^-"" ' " 1 !^ = 



9 



m>0 






(A.40) 



While the first line is automatically zero, the second and third lines should be zero sepa- 
rately because they present different power series q From the third line we get. 



g->o (0) 2 



5CM ^^ -^Vl q' SCM + q'"''' A{q) 



(A.41) 



^ A subtlety (not present in the case considered in the text) arises if ^_ (2) contains powers of the 
form 2;-2>'/B-2n ^[^]^ n G H; in that case it can be easily showed that the effect is that the coefficients 



of SC^{q) on the second line of (A.40 1 get modified by holomorphic functions; this fact does not modify 
the subsequent arguments. 



27 



g-s>0 



where A{q) > 0. Then the second hne of (A. 40) yields, 

6C^iq) ^ q^-"'^ A{q) 



9^0. ,^(0) „2uiii+2 



6C+{q) ^^^ if'^L q""^+'' A{q) 
Going to ( A.38P with ( |A.42 ) we get the leading behaviors, 



C+(0) 






C-{<l)U^o 



r^++ 2 
-JR 'i 



This yields for the two-point function (A. 27) the Goldstone pole 



G2{q) > -^ 

r 



where by using (A. 26) and (A. 28), i.e 



we get for the residue. 






a 



dww^-''i+{wy 



2 uuv (a 



UV\2 



/„°° dw w^ '^ c,+{wy 



(A.42) 



(A.43) 



(A.44) 



(A.45) 



(A.46) 



The result is reassuring in the sense that both contributions in the denominator of (A. 27) 
add to yield a 2;i-independent result. 
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